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Abstract 

We define locally trivial quantum vector bundles (QVB) and construct such QVB associ- 
ated to locally trivial quantum principal fibre bundles. The construction is quite analogous 
to the classical construction of associated bundles. A covering of such bundles is induced 
from the covering of the subalgebra of coinvariant elements of the principal bundle. There 
exists a differential structure on the associated vector bundle coming from the differential 
structure on the principal bundle, which allows to define connections on the associated vector 
bundle associated to connections on the principal bundle. 

This is the third in a series of papers devoted to locally trivial quantum bundles, following j|] 
and Q. The main aim of the present paper is to define associated bundles and connections 
in the scheme of locally trivial quantum principal bundles of Q and Q. Again we follow the 
idea of gluing all objects from locally given objects. We note that associated bundles have been 
defined in Q, [|J and || as associated bimodules of colinear maps (intertwiners) and in ||], ||], 
|| as cotensor products. Both definitions are equivalent (by some duality argument). We use 
the second definition. 

We start with some general considerations about covering und gluing of modules. Then we 
define QVB over algebras with a complete covering. They have as typical fibre a usual vector 
space, and possess local trivializations with suitable properties. Any LC differential algebra on 
the basis gives rise to a certain "differential structure" on the QVB, which is an analogue of 
a module of differential form valued sections in the classical case. Given such a structure, we 
define the notions of connection (as covariant derivative) and curvature on a QVB. Given a 
locally trivial quantum principal bundle and a left coaction of its structure group (Hopf algebra) 
on some vector space, we define an associated QVB as a cotensor product. This is indeed a 
locally trivial QVB in the sense of our definition, whose transition functions come from the 
transition functions of the principal bundle in the usual way. 

As is known from Q, there is a maximal embeddable LC differential algebra related to the 
differential structure of a locally trivial quantum principal bundle. The differential structure on 
the QVB defined by this LC differential algebra is isomorphic to the module of horizontal forms 
"of type p" on the principal bundle, where p is the left coaction defining the associated bundle. 
Finally, we show that to every connection on the principal bundle there can be associated a 
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connection on the associated QVB. Locally, the associated connection and its curvature are 
nicely determined by the local connection and curvature forms of the principal connection. 

1 Coverings of modules 

First we give a definition of modules over an algebra being equivalent to the usual one. For a 
vector space E we denote by End(E) the algebra of linear endomorphisms of E. 

Definition 1 Let E be a vector space, let B be an algebra and k : B — ► End(E) a linear map. 

(E,B,k) is called left module if k satisfies n(ab) = k(o)k(6), ;a,b G B. 

(E,B,k) is called right module if k satisfies n(ab) = K(b)n(a). 

For a linear subspace Q C E, (Q,B,k) is a submodule if k(B)(Q) C Q. 

Definition 2 Let (E,B,k) be a left (right) module. (E,B,n) is called faithful if kern = 0. 

In analogy to the case of algebras one can define coverings of modules. They will be needed in 
the definition of quantum vector bundles. 

Definition 3 Let (E,B,k) be a left (right) module and let (Qi)iei be a finite family of left 
(right) submodules of E. (Qi)i<=i is called covering of E if^Qi = 0. 

Obviously, as in the case of algebras, for a given covering (Qi)i^i of a module (E,B,k) one 
obtains a family of vector spaces Ei := E/Qi with corresponding projections qi : E — ► E; L . 
Since Qi are submodules, there exist linear maps m : B — ► End(Ei) defined by 



such that (Ei,B,Ki) are left or right modules respectively. 

Remark: Since Ki are homomorphisms for left modules and antihomomorphism for right mod- 
ules, kerKi are ideals in B. 

Definition 4 A covering (Qi)iei of a left (right) module (E,B,n) is called nontrivial if kerKi ^ 



Proposition 1 Let (E,B,k) be a faithful left (right) module and let (Qi)iei be a covering of E. 
Then (kerK,i)i & i is a covering of B. 

The covering {Qi)iei is nontrivial if the covering (kerni)i e i is nontrivial. 
Proof: We have to prove that f\ kerKi = 0. It is easy to verify that 



Kj(a) o qi = qi o n(a) a £ B 



Vi € /. 



kerKi = {a G B\ n(a)(E) C Qi). 



Now it is clear that 




and since f] i Qi = and (E, B, k) is faithful it follows f] kerKi = 0. 



□ 



Let Bi := B /kerKi. It is obvious that the modules (Ei, Bi, k~i), where Ki is defined by 



Hi ° — Ki, 
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are faithful. Let 



qij :E — > E/iQi + Q^-Eij 
Qj '■ Ei — > Eij 

be the canonical projections. Assume that (E, B, k) is a faithful left (right) module and {Qi)i & i 
is a covering of E. One has the vector space 

E c := {(e t ) teI £0E,| g^) = gf (e,)} (1) 

16/ 

and an injective homomorphism 

/C : £/ — > E c 

by /C(e) = (qi(e)) ie i. 

Proposition 2 Lei (E,B,k) be a faithful left (right) module and let (Qi)iei be a covering of 
E. Let B c be the covering completion of B with respect to (kerKi)i^j . Then there exists a linear 
map k c : B c — > End(E c ) such that (E c , B c , k c ) is a faithful left (right) module satisfying 

£( K (a)(e)) = K c (K{a))(K{e)), a€B, e G E, 

where K : B — > B c is the injektive Homomorphism defined by K{a) = (Ki{a))i e j. Proof: Since 
(Qi)i&i is a family of submodules, there exist linear maps Kij : B — > End(Eij) defined by 

Kij (a) o qij = qij o n(a), a£ B 

such that (Eij,B, left (right) module. Let Bij := B/(kerKi + kerKj). Now one can 

define the linear map kij : By — > End(Eij) by the formula 

Kij o TTij — Kij , 

thus {E^, Bij, Kij) is a left (right) module. It is easy to verify that kij satisfies 

q l j o Ri(a) = Kij(n l j(a)) o q], a £ Bi. 

Recall that B c := {{a^nzj € 0j e / B^n^ai) = ^(aj)}. We define k c : B c — > End(E c ) as 
follows: 

K c {(ai)iei){(ei)iei) = {ki{ai)(ei))i eI . (2) 
One has to prove that the image of K c (a c ) lies in E c for all a c € B c : 

q l j{ki{ai){ei)) = Kij(ir){ai))(q)(ei)) 
= Kij{nl{aj)){ql{ej)) 
= a i(Kj(aj)(ej)). 

The other properties of k c follow from the definition. □ 

Definition 5 Let {E,B,k) be a faithful left (right) module and let (Qj)j 6 / be a covering of E. 
The covering (Qi)i£i is called complete, if the family of ideals (kerKi)^ is a complete covering 
of B and the injective linear map K, : E — > E c is a left (right) module isomorphism. 
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2 Locally trivial quantum vector bundles and associated vector 
bundles 

On the algebraic level, the notion of vector bundle is in the classical case related to the notion 
of section of a vector bundle. Let M be a manifold, let C(M) be the algebra of continous 
functions over M and let V be a vector space. The corresponding trivial vector bundle has the 
form M x V. It is known, that the set of sections of M x V is the set of all V-valued functions 
denoted by C(M) ® V. This classical background leads us to the following definition of a locally 
trivial vector bundle. 

Definition 6 A locally trivial quantum vector bundle (QVB) is a tupel 

{(E,B, K ),V,(Ci,Ji) ia } (3) 

where (E,B,k) is a faithful left module, (Jj)ie/ is a complete covering of B, V is a vector space 
and Qi : E — > Bi®V are surjective left module homomorphisms with the properties 

(kerCi)iei complete covering of E (4) 

Ci(«(o)(e)) = 7Tj(a)Ci(e) aeBeeE (5) 
kerQ + kerQ = ker((TTj <g> id) o Q) = ker{[it\ ® id) o Q). (6) 

Remark: In this definition we have used the left module structure (Bi ® V),B, Ki), which is 
defined by 

Ki(a)(bi ® v) = 7Tj(a)6j ® v a e B, bi S Bi, v € V. 
In the following we want to denote such a vector bundle by E. 

By definition, for a locally trivial QVB E the family of submodules (kerCi)iei is a complete 
covering of E, i.e. E is isomorphic to its covering completion. Note that there are isomorphisms 
(i : E/kerQi — >Bi®V defined by 

Ci(e + kerQi) = 0(e). 

Because of @ there exist also isomorphisms Qj : Ej '{kerQi + ker(j) — * Bij (g> V defined by 

Clj{e + kerQi + kerQ = d(e) + Ci(kerQj), 

thus there are left ^-module isomorphisms <f>%j B defined by 4>ij E := Qj o C^- such that the 
covering completion of E has the form 

E = {(eO ie j G Bi (8) V|(7rj ® M)(ej) = o (ix{ ® id)(e i )}. 

Proposition 3 Let N be a locally trivial topological vector bundle over a compact topological 
space M. 

Then the set of continuous sections T(N) = {s : M — ► N} is a locally trivial QVB. 
Let B = C(M) be the algebra of continuous functions over a compact topological space M. Let 
(Ji)i<=i be a finite covering of B coming from a finite covering (J7i)ieJ of M by closed sets with 
nonempty open interior. Let E be a locally trivial QVB over B corresponding to this covering. 
Then E is the space of sections of a locally trivial vector bundle N. 
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Proof: We want to give here only the idea of the proof. To prove the first assertion one defines 
the module homomorphisms Q in terms of the trivializations tpi : N — > Ui x V by 

Ci(s) =1piO S 

(identifying ipi{s{x)) = (x,v) with v) and shows the conditions claimed for Q. 
To prove the second assertion one construct in term of the given locally trivial QVB a locally 
trivial vectorbundle in the following way. Let X = Ui W X-UiXV. One obtains a locally trivial 
vector bundle N over M by factorizing X with respect to the following relation: 

(i, x, v) ~ (j,x , v ) if x = x' and v = <pij E 0- ® v')(x). 

One proves that the module of sections T(N) is isomorphic to E. □. 

Assume that there is given an LC differential algebra T{B) with complete covering (Ji r )iei such 
that pro(Ji r ) = Ji, i.e. the factor algebras T(B)/Ji T = T(Bi) are differential calculi over the fac- 
tor algebras Bi = B j Ji. One can construct a locally trivial QVB ((Er, F(B), Kr), V, (Q r , Ji r )iel) 
from E in the following way. One extends <j>ij E to T(Bij) ® V by 

4>ij E (l ®v) = l4>ij E {l ®v), 7 € T(Bij), v eV. 
In terms of this extended module isomorphism one defines Er by 

Er := {(e ir )iei € 0T(^) <g> V \(tt% <8> zd)(e ir ) = & ij5 o (7rf r <g> id)(e ir )}, (7) 

where the homomorphisms 7r* r : r(Bj) — * T(Bij) := T(B)/(Ji r + Jj T ) are the canonical projec- 
tions. 

By defining Kr : T(B) — ► End(E-p) as 

«r(7)((e» r )<el) := (f<r(7)eir)<6/ 

(7Ti r : T(B) — ► r(-Bj) = T(B)/Ji r is the canonical projection.) and C« r : -Er — ► r(-Bj) ® V as 
the i-th projection one obtains a locally trivial QVB ((Er,T(B), Kr), V, (Q r , Ji v )iel)- 
Now one can consider connections on such locally trivial QVB. We add to the usual definition 
of a connection in a "vector bundle" as a covariant derivative (||) a condition of compatibility 
with the covering. 

Definition 7 Let (Er,T(B), Kr),V, (Ci r , Ji)iel) be the locally trivial QVB just defined. A con- 
nection on Ey is a linear map V : Er — ► Er satisfying 

V( 7 e) = (dj)e + (-l) n 7 V(e), 7 6 r"(S), e G £ r (8) 
V(kerQ r ) C feerCi r , Vi€J. (9) 

It is easy to see that from the property (^) follows that there exist connections Vj on T(Bi) ® V 
and V\a on r(Sy) ® V" such that 

Vj o c ir = ( ir o v 

VL o (tt} ® io!) = (n) ® id) o V,. 



Proposition 4 Connections on Er are in one to one correspondence with families of connec- 
tions Vj : r(-Bj) <S> V — ► r(Bj) ® V satisfying 

v:rfe oV i°fe' ( 10 ) 
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Proof: Let V be a connection on Br- There exists a family of connections Vj on r(Bj) ® V such 
that 

V((e ir ) ie j) = (Vi(e ir )) i6j . 

Because of the identities 

(vrj r (8) id) (e ir ) = if> ijB o (vr^ id) (e ir ) 
(vr] r ® id) o Vj(ej r ) = 4> ijE o ® id) o Vj(e jr ) 

one obtains 

Vjj- o (7r} r (8 id) (e ir ) = <fHj B o o (7r{ r ® id) (e ir ) 

= fain, V ij ° ^jib ° (^r ® id ) ( e ir ) • 

Conversely, if there is given a family of connections Vj satisfying property ( |T0| ) the image of the 
linear map V defined by 

v (( e i r )*e/) = (Vi(ej r ))i e / 

lies in Bp and has the properties of a connection. □ 
Remark: Let the family (ej)jel be a linear basis in V. Let V be a connection on r(B) ® H. 
Then there is a family of one forms (A\) such that V(l ® ej) = VJ • (8) ey. 

Definition 8 Lei V be a connection on Bp. We call the linear map V 2 the curvature of V. 
Note that V 2 (7e) = 7V 2 (e). 

In the sequel we will be interested in QVB associated to a QPFB. We define these as follows 
(see also p): 

Definition 9 Let V be a locally trivial QPFB, let F be a vector space and let p : F — > H ® F 
be a left H coaction. The vector bundle E(V, F) associated to V and p is defined as 

E{V, F) := {e G V ® F\(A P ® id)(e) = (id ® p)(e)}. (11) 

Remark: This is also called co-tensor product of V and F. 

Proposition 5 The associated vector bundle E(V,F) is a locally trivial QVB. 

Proof: By formula (10) of (§. E(V,F) has the form 

E(V,F) = {(ei)i e / G 05, ® H ® F\(tt} ® id ® id) ((h) = (</>ij®id) o (vr| ® id® id)(e,-); 

(id® A®id)(ej) = (id ® id ® p)(ej)}. 

There are isomorphisms 

id®e®id:Ei := {a G Bj ® B ® B|id ® A ® id(e«) = id ® id ® p(ej)} — ► Bj ® F, 
where (id ® e ® id) -1 = id® p, such that all G Bj are of the form 

One easily verifies that ((B, B, k), B, (£j, J{)iel) defined by 

E(V,F) :={(E4^/IJe0B l ®B|^^(4J®^ = ^^.K<)^(^ ( _ 1 ^4 o) } 

fc igi" k k 
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K (a)((ej)ie/) = {M a )^i)iei, a £ B, (ej) ie j G £ 
Ci i-th projection 

is a locally trivial QVB (For the definition of the transition functions Tjj see 0]). In terms of 
the isomorphisms id ® e ® id one can define a module isomorphism e : E(V, F) — ► E(V, F) by 

e((e*)ie/) := (id ® e ® id(ei)) ie i. 

This isomorphism exists due to the glueing properties. This is easy to see: An element (ej)j G / € 
E(P,F) is of the form (e;)*^ = (£ 4. ® ft.^ ® /£ i(0) )ie/ satisfying 

E E ® ® 4 ( o) = E E E *K m4m ) ® 4_ 15 ® 4 0) • 

(see formula (10) of @) 

Applying id® e® id to both sides of this equation, one obtains for the element {id®e®id(ei))i^i 
the property 

® r ki = EE<(<)^(4-^ 4(0' 

i.e. the image of e lies in E. The inverse of e is the map (ej)j £ _j — ► (id ® p(e~i))i£i, i.e e is an 
isomorphism. We obtain the locally trivial QVB {{E{V, F), B, k),F, (Q, Jiji^i) with 

K = ko e 

□ 

As in the general case of locally trivial vector bundles one can construct a locally trivial vector 
bundle ((Er(V, F), F m (B), «r), (Ci r) ^ er7r j r ,„)*e/) from the associated vector bundle E(V,F). 
The LC differential algebra T m {B) is the maximal embeddable LC-differential algebra induced 
from the differential structure T C (V) on the locally trivial QPFB V (see || and Let 
cj)ij E : Bij ® F — ► Bij ® F be defined by 

® /) := aT i i(/ ( _ 1) ) ® / (0) . 

By definition, 

Sr(P,F) = ((e ir ) ie/ G 0r(Si) ®F|(7r} rm ® id)(e ir ) = iij3 o ® »d)(e ir )}. (12) 

Proposition 6 Let 

horE(V, F) := { 7i j G horT c {V) ® F|(A Pr ® id)(7 B ) = (id ® p)(te)}- 
horE(V, F) and E-p(V,F) are isomorphic as left T m {B) -modules. 

Remark: horE(V, F) is in the classical situation the space of horizontal forms "of type p" . 

Proof: By definition of horT c (V), 

horE(V,F) = {(7i a ) i6 j G T(Bi)®H ® F\ 

iei 

((7rJ ® id) r ® id)(ji E ) = (4>ij r ® id) o ((^ ® id)r ® id)(~fj E ); 
(id® A®id)(7 ij3 ) = (id ® id ® p)(ji E )}. 
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The last condition means that the i-th components have the form 

Now one defines again an isomorphism er : horE(V, F) — > Ey(V, F) by 

er((7i E )ie/) = (id®s® id{% E )) ie i- 

This isomorphism exists, if one can show that from the gluing conditions in horE(V, F) the 
gluing conditions in Er(V, F) follow. To this end apply Pi nv ® id (formula (66) of Q) to 

By the definition 7r*- (7) = (ir 1 - ® id)r(7®l) one obtains the gluing condition in E-pCP, F), i.e. 

E ^r 9 (-4 ) ® A = E ^-r (< ^ ) ® 4 ) • 

which means that the image of er lies in Ey(V,F). Conversely, the inverse of er is obviously 
defined by 

e r 1 (( e ir)»e/) = {id ® p{e iT )) ieI . 

□ 

Now we are interested in connections on such associated vector bundles. An important class of 
connections are the connections induced from left left covariant derivations on the locally trivial 
QPFB. 

Proposition 7 Every left covariant derivation on the locally trivial QPFB V determines uniquely 
a connection on Er(V,F). 

Proof: One defines a linear map V : Ey — > Er by 

V := er o (Pi (g> id) o ep 1 , 
which is easily seen to be a connection on Er(V,F). □ 

Remark: Because of the bijection between left and right covariant derivations also right co- 
variant derivations on V determine connections on E-p(V,F). 

The curvature of such a connection is related to the curvature on the locally trivial QPFB V by 

V 2 = e r o (A 2 ® id) o ef 1 . 
The corresponding connections Vj : r(-Bj) <8> F — ► T(Bj) ® F have the form 

V f (7 ®f) = d 1 ®f- ^(-l) n 7 A(/-i) ®/o,7e r n (Si), f€F. 
The curvatures of these connections are 

V 2 (7^/) = ^7^(/-i)^/o- 
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